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1. INTEGRATED CALCULATION 

1.1. Calculation of the solidification conditions 

For laser processing, several important processing parameters, such as laser power PL 

and scanning velocity Vb, govern the melt-pool geometry and corresponding 

solidification conditions (G and V). Therefore, the correlation of a set of given 

processing parameters with the corresponding G and V should be established. The 

temperature field was calculated by solving an analytical heat-transfer equation for a 

moving Gaussian surface heat source, which assumes a semi-infinite body with 

constant physical properties, no latent-heat release and no convection. More details of 

the calculations of the solidification conditions can be obtained elsewhere [1, 2]. To 

facilitate the ML, the solidification conditions (G and V) of melt pools was 

represented by the characteristic solidification conditions (Gm and Vm), which were 

calculated as an average over the total depth of the melt pool, Zmax, along the 

symmetrical centerline of liquidus isotherm: 

𝐺𝑚 = ∫ 𝐺 ∙ 𝑑𝑍
0

𝑍𝑚𝑎𝑥
|𝑍𝑚𝑎𝑥|⁄       (1) 

𝑉𝑚 = ∫ 𝑉 ∙ 𝑑𝑍
0

𝑍𝑚𝑎𝑥
|𝑍𝑚𝑎𝑥|⁄       (2) 

 

1.2. Solidification behavior and microstructure 

Rapid solidification behavior depends strongly on the undercooling at dendrite tip, 

which can be calculated by the Kurz–Giovanola–Trivedi model [3-7]: 

∆𝑇𝑡𝑖𝑝 = ∑ (𝐶0,𝑖𝑚𝑖 − 𝐶𝑙,𝑖
∗ 𝑚𝑣,𝑖)𝑖 + 2𝛤 𝑅⁄       (3) 

𝐶𝑙,𝑖
∗ = 𝐶0,𝑖𝐴𝑖         (4) 

where Γ is the Gibbs−Thomson coefficient, R is the tip radius of dendrites, 𝐶𝑙,𝑖
∗  is the 

liquid concentration at the dendrite tip, C0,i is the initial alloy composition, Ai = 1/[1 – 

(1 – kv,i)Iv(Pc)], and Iv(Pc) is the Ivantsov function of the solute Péclet number Pc [8, 

9]. The Γ of Ti-rich alloys can be set as 1.88×10−7 K·m[10], and more details of the 

evaluation of the Ai can be obtained elsewhere [3, 10, 11]. Once ΔTtip is determined, 

the size and fraction of the equiaxed grains ahead of solidification re and ϕ can be 
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obtained by Hunt’s analytical model, and are given by [12, 13]: 

𝑟𝑒 = [(1 − ∆𝑇𝑛
3 ∆𝑇𝑡𝑖𝑝

3⁄ ) ∙ ∆𝑇𝑡𝑖𝑝] 3𝐺⁄       (5) 

𝜙 = 1 − exp(−4𝜋𝑟𝑒
3𝑁0 3⁄ )      (6) 

where ΔTn is the nucleation undercooling of the equiaxed grains. N0 is the number of 

nucleation sites (nuclei density). Hunt [12] proposed that fully columnar growth 

occurs if ϕ < 0.0066, while fully equiaxed growth occurs if ϕ > 0.49, i.e., the 

occurrence of CET. A ΔTn of 0.75 K was used [10], and the N0 lues were considered 

within a range from 109 to 2× 1015 m−3 in previous research on the columnar-to-

equiaxed transition and a medium N0 value of 1013 m−3 was used [14-17]. Comparison 

between the experimental and calculated results suggested that the use of a N0 value 

of 1×1013 m−3 is proper. This CET model can well predict the solidification 

morphology during laser processing [1, 2, 18-28]. 

 

Table S1. The phase equilibrium and thermophysical parameters used in the 

integrated calculation a 

 0W 2W 4W 6W 8W 

C0, Nb (wt%) 21.7 20.2 19.4 18.0 17.4 

C0, W (wt%) 1.0 8.0 11.5 17.8 20.7 

mNb (K/wt%) 7.3 5.1 4.0 2.0 1.0 

mW (K/wt%) 17.5 17.5 17.5 17.5 17.5 

kNb 1.6 1.6 1.6 1.6 1.6 

kW 4.8 4.8 4.8 4.8 4.8 

DS, Nb (m
2/s) 1.3×10−12 2.1×10−12 2.6×10−12 3.9×10−12 4.8×10−12 

DS, W (m2/s) 7.9×10−13 4.7×10−13 3.4×10−13 1.8×10−13 1.5×10−13 

TL (K) 1894.5 2045.0 2107.4 2203.1 2241.8 

TS (K) 1753.3 1754.7 1751.2 1736.2 1723.4 

α (m2/s) b 5.68×10−6 5.44×10−6 5.39×10−6 5.21×10−6 5.13×10−6 

κ (W/m·K) b 21.1 21.4 21.6 22.2 22.5 

D (m2/s) 5×10−9 

TL0 (K) 1747.8 

TS0 (K) 1612.2 
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a. The parameters were calculated by the CALPHAD method, which leverages on the 

TCHEA database integrated in the Thermo-Calc software [29, 30]; b. α and κ are 

thermal diffusivity and thermal conductivity, respectively, which were used to 

calculate G and V based on an analytical heat-transfer equation [1, 2]. 

 

Moreover, the initial solute content in the solid, 𝐶𝑠,𝑖
∗ , at the beginning of the 

solidification, can be written as [9, 31]: 

𝐶𝑠,𝑖
∗ = 𝑘𝑣,𝑖𝐶𝑙,𝑖

∗ = 𝑘𝑣,𝑖𝐶0,𝑖𝐴𝑖       (7) 

To evaluate the microsegregation degree ΔCi of an element i, the final solid 

concentration of each solute 𝐶𝑠,𝑖
𝐸  is also required and there is ∆𝐶𝑖 = 𝐶𝑠,𝑖

𝐸 − 𝐶𝑠,𝑖
∗ . The 

final liquid concentration of the solute element i can be obtained by a modified solute 

redistribution model and written as [31]: 

𝐶𝑠,𝑖
𝐸 = 𝑘𝑣,𝑖𝐶𝑙,𝑖

𝐸 = 𝑘𝑣,𝑖𝐶0,𝑖𝐴𝑖(2𝛼𝑖
′𝑘𝑣,𝑖𝐴𝑖)

𝑝𝑖
𝑞𝑖

    (8) 

where pi = kv,iAi – 1 and qi = 1 – 2αi′kv,iAi, αi′ = αi [1 – exp(–1/αi)] – 0.5exp(–1/2αi), αi 

is the dimensionless back-diffusion coefficient of the solute element i, and is written 

as [9, 31]:  

𝛼𝑖 = (4𝐷𝑠,𝑖Δ𝑇′) (𝜆2𝐺𝑉)⁄       (9) 

where ΔT′ is the actual (nonequilibrium) solidus-liquidus interval, and λ is calculated 

by the Kurz–Fisher model [9, 31]: 

𝜆 = 4.3(𝛥𝑇0𝐷𝛤 𝑘⁄ )0.25𝐺−0.5𝑉−0.25     (10) 

As described in Eq. (9), calculation of the 𝐶𝑠,𝑖
𝐸  needs to determine the ΔT′. To obtain 

ΔT′, a reasonable pseudo-binary simplification for the alloy system is necessary [31]. 

As aforementioned, the effects of Nb and W are considered together and the current 

system is regarded as a pseudo-binary system AlTiVZr−X, where the composition X, 

CX, is the sum of the compositions of Nb and W. By assuming the liquidus and solidus 

are straight, equivalent equilibrium liquidus slope, me, and partition coefficient, ke, are 

given by (Figure S1): 
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𝑚𝑒 = (𝑇𝐿 − 𝑇𝑙0) 𝐶𝑋⁄       (11) 

𝑘𝑒 = (𝑇𝑠0 − 𝑇𝐿) (𝑇𝑠0 − 𝑇𝑆)⁄       (12) 

where TL0 is and TS0 are liquidus and solidus temperatures of AlTiVZr, respectively. 

Substituting me and ke into Eqs. (11) and (12), equivalent velocity-dependent liquidus 

slope, mev, and partition coefficient, kev, can be calculated. Accordingly, the ΔT′ can be 

written as [31]: 

∆𝑇′ = 𝑚𝑒𝑣(∑ 𝐶𝑙,𝑖
∗

𝑖 − ∑ 𝐶𝑙,𝑖
𝐸

𝑖 )      (13) 

Using Eqs. (7), (8), (9), and (13), the αi (and the ΔT′) can be solved numerically and 

ΔCi can be calculated based on the parameters listed in Table S1. 

 

Figure S1. Schematic of a pseudo-binary phase diagram, AlTiVZr−NbW, used to 

evaluate the solidification parameters of the xW alloys. 

 

Figure S2 shows solidification microstructure features of xW alloys obtained by 

integrated calculation. As shown in Figure S2a, the CET curve shifts downward with 

W increasing, implying that a stronger formation trend of equiaxed microstructure 

exists in the alloy with higher W content. In the processing window for the current 

calculation, fully columnar microstructure can be obtained in 0W alloy, while such 

microstructure impossibly exists in 8W alloy (Figure S2b). Similar to grain 

morphology, W addition exhibits significant effects on many microstructural features 

(Figure S2c). As W increases, the dendric tip supercooling ΔTtip, mean size of 

equiaxed grains dGS and the microsegregation degree ΔC increases. In contrast, the 
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PDAS λ is insensitive to the change of W content. These comparisons mean that 

although the increase in W is conducive to the formation of equiaxed microstructure, 

it may cause other unfavorable changes, such as high microsegregation and 

brittleness. Therefore, a coordination optimization of processing and W content is 

important for the development of this new system. 

 

Figure S2. Solidification microstructure features of xW alloys. (a) The CET curves of 

0W, 2W, 4W, 6W, and 8W alloys. The processing sets under the CET curves represent 

the transition to the majority columnar microstructure. (b) Microstructure selection 

map for the 0W and 8W alloys based on Gm and Vm calculated under the given 

processing window – the red dash line box marked in (a). (c) Violin plots showing the 

effects of W content on PDAS λ, constitutional supercooling at dendritic tip ΔTtip, 

microsegregation degree ΔC, mean size of equiaxed grains dGS, respectively. 
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1.3. Experimental comparisons 

To verify the precision of the integrated calculation, laser remelting experiments were 

conducted under various processing conditions (Table S2) by a 4 kW LMD system 

RC-LDM4030 (RAYCHAM Laser Technology Group Co., Ltd.) equipped with a 

coaxial powder delivery system in an Ar-purged processing chamber with an oxygen 

content less than 50 ppm. The (Ti3.6Zr1.2V0.8NbAl0.3)100-xWx, (x = 2, 4, 6 and 8 at%) 

RHEA cast ingots (i.e., 2W, 4W, 6W, and 8W) were chosen as the substrate for laser 

remelting. These RHEA ingots were prepared by arc melting using pure Ti, Zr, V, Nb, 

Al and W (>99.95 wt %). Due to the large differences in the melting points of the 

elements, melting was carried out by placing the raw metal in a water-cooled copper 

crucible in order of melting point from highest to lowest. To ensure the homogeneity 

of the melt, each ingot was turned over and re-melted more than 10 times, and the 

melting time was not less than five minutes each time. Prior to laser melting, the 

substrates for all experiments were maintained at room temperature and their surfaces 

were ground with 600-grit SiC paper and cleaned in methanol. 

 

Table S2. The processing parameters (laser power PL and scanning velocity Vb) 

used in laser remelting 

Sample PL (W) Vb (mm/s) 

2W 

1200 5 

1400 10 

1600 20 

4W 

1000 5 

1400 10 

1500 15 

1600 20 

6W 

1200 15 

1400 10 

1500 5 
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1600 10 

8W 

1000 10 

1200 15 

1400 10 

1500 20 

 

Figure S3 compares the calculated melt-pool geometries with the actual ones. As can 

be seen, a good agreement between the experimental and calculated melt-pool 

dimensions, especially the melt-pool widths, can be obtained. This comparison 

suggests that the solidification conditions calculated by the analytical heat-transfer 

equation [1, 2] can reasonably represent the actual solidification conditions, and the 

integrated calculation can give a reliable database for training the ML models. 

 

Figure S3. Comparison between the experimental and calculated melt-pool sizes. 
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Figure S4. EBSD inverse pole figures showing the solidification grain morphology of 

laser-remelted xW alloys under different processing conditions. (a) 2W-1200-5, (b) 

2W-1400-10, (c) 6W-1400-10, (d) 4W-1400-10, (e) 8W-1500-20, and (f) 8W-1400-10 

The ϕ values refer to the volume fractions of equiaxed grains calculated by Hunt’s 

model. The “2W-1200-5” means that the sample is 2W and was performed under a set 

of laser processing parameters of PL = 1200 W and Vb = 5 mm/s. 

 

Figure S4 shows the solidification grain morphology of laser-remelted xW alloys 

under different processing conditions. In Figure S4a, a microstructure including CET 

can be seen. This microstructure agrees with the result of the integrated calculation – a 

0.66% < ϕ < 49% suggests a morphology mixed the columnar and equiaxed growth. 

In the same alloy (2W), the trend of columnar growth weaken as ϕ increases to 40% 

(Figure S4b). Moreover, high W content leads to high ϕ when the processing 

parameters are the same, as comparison in Figure S4b-d, f, and a ϕ value more than 

49% results in a fully equiaxed growth. There trends accord with the results obtained 

by the integrated calculation (Figure S2a and b), suggesting that the data collected 

mainly based on integrated calculation can provide an accurate 

processing−microstructure relationship for ML. 
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2. ACCURACY COMPARISON IN THE ML MODELS 

Figure S5 compares the accuracy of the ML models by the R2 − 1 and MAPE. For the 

current models, the raw data used to train the ML models were collected by the 

integrated calculation, which are based on well-developed, experimentally-verified 

solidification theory calculation rather than scattered experimental data. Accordingly, 

the almost R2 values are close to 1 and R2 − 1 values are compared.  

 

Figure S5. Comparison of the accuracy of the ML models by the R2 − 1 and MAPE. 

(b) shows a detailed comparison of the red dash line box marked in (a). 

 

As shown in Figure S5b, different surrogate models present different predictive 

performance for different outputs. Also, for some outputs such as ΔTtip and Vm, the 

smallest R2 − 1 and MAPE are not be obtained by the same models, which requires a 

compromise for the model choice. For the most impotant four microstructural 

features, λ, ΔC, dGS and ϕ, SVM model can establish the best relationship between the 

input features and λ, while LSBoost algorithm can accurately predict the ΔC based on 

the inputs. In contrast, GP method shows superior performance for the prediction of 

dGS and ϕ. Accordingly, the four models were selected for the inverse design. 
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