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Phase-field model 

The Cahn-Hilliard and Ginzburg-Landau equations are used in the PF simulation for 

precipitates evolution in superalloys, these control the evolution of composition field 

𝑐𝑖(r, 𝑡) and order parameter field 𝜂𝑝(r, 𝑡)[1]. 

𝜕𝑐𝑖(r, 𝑡)

𝜕𝑡
= 𝑉𝑚

2𝛻 [𝑀𝑖𝛻 (
𝛿𝐹

𝛿𝑐𝑖(r, 𝑡)
)] + 

𝑐
(r, 𝑡) (1) 

𝜕𝜂𝑝(r, 𝑡)

𝜕𝑡
= −𝐿 (

𝛿𝐹

𝛿𝜂𝑝(r, 𝑡)
) + 

𝜂
(r, 𝑡) (2) 

where 
𝑐
(r, 𝑡) and 

𝜂
(r, 𝑡) are noise items in composition and order parameters, 𝑉𝑚 

is the molar volume of the alloy, F is the total energy, 𝑀𝑖 are the chemical mobilities 

of different elements, and L is the interface mobility. 

𝑀𝑖 =
𝐷𝑖

(𝑉𝑚
𝜕2𝑓γ

𝛿𝑐𝑖
2 )

(3)
 

𝐷𝑖 = 𝐷0𝑒𝑥𝑝 (−
∆𝑈

𝑘𝑇
) (4) 

𝐷0 is the diffusion constant, 𝑖 represents the elements in each superalloy system[2, 3]. 

The Gibbs free energy consists of chemical free energy 𝑓ch, gradient interface energy 

𝑓int, and elastic strain energy 𝑓el, 

𝐹 = ∫ [𝑓ch + 𝑓int + 𝑓el]𝑑𝑉
𝑉

(5) 

where 𝑓ch is the chemical free energy density, 𝑓int is the interfacial energy density, 

and 𝑓el is the elastic strain energy density[4, 5]. 

The chemical free energy density coupling with the KKS model of different superalloy 

systems can be written as[5], 

𝑓ch(𝑐𝑖 , {𝜂𝑝}, 𝑇) = 𝑉𝑚
−1 [1 − ∑ ℎ(𝜂𝑝)

3

𝑝=1

] 𝑓γ(𝑐𝑖
γ

, 𝑇) 

+𝑉𝑚
−1 ∑ ℎ(𝜂𝑝)

3

𝑝=1

𝑓γ′
(𝑐𝑖

γ′

, 𝑇) + 𝑔({𝜂𝑝}) (6) 

where 𝑓γ(𝑐𝑖
γ, 𝑇) and 𝑓γ′

(𝑐𝑖
γ′

, 𝑇) are the molar Gibbs energy density of γ and γʹ phase, 

𝑓γ(𝑐𝑖
γ, 𝑇) and 𝑓γ′

(𝑐𝑖
γ′

, 𝑇) can be approximated by a parabola, and expressed in the 

form of the second-order expansion of Taylor series with equilibrium composition, 𝑖 
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represents the elements in each superalloy system,  is a parameter in depicting the 

height of the double-well function, ℎ(𝜂𝑝) is the interpolation function coupled with 

the matrix and precipitate phases, 𝑔(𝜂𝑝)  is Landau double-well function used to 

eliminate the coexistence of different domains of γʹ phase in the same position[6]. These 

functions are as follows, 

ℎ(𝜂𝑝) = 𝜂𝑝
3(6𝜂𝑝

2 − 15𝜂𝑝 + 10) (7) 

𝑔(𝜂𝑝) = ∑ 𝜂𝑝
2

3

𝑝=1

(1 − 𝜂𝑝
2) + 𝜃 ∑ 𝜂𝑝

2𝜂𝑞
2

𝑝≠𝑞

 𝑞 = 1, 2, 3 (8) 

where 𝜃 is assumed to satisfy the lowest energy principle[7]. 

The interfacial energy can be calculated by the interface gradient, 

𝑓int = ∫ [
1

2
∑ 𝑘𝑖(∇𝑐𝑖)

2

𝑖

+
1

2
𝑘𝜂 ∑ (∇𝜂

𝑝
)

23

𝑝=1

] 𝑑𝑉
𝑉

(9) 

where 𝑘𝑖  and 𝑘𝜂  are the interfacial energy coefficients of composition and order 

parameters, and we assume that the interfacial energy coefficients of different 

components are equal[8, 9]. 

The elastic strain energy 𝑓el is calculated by the microscopic elastic theory[10],  

𝑓el = ∫ [
1

2
𝐶𝑖𝑗𝑘𝑙𝜀𝑖𝑗

el(𝐫)𝜀𝑘𝑙
el(𝐫)] 𝑑𝑉

𝑉

(10) 

where 𝜀𝑖𝑗
el(𝐫)  is elastic strain, 𝜀𝑖𝑗

el(𝐫) = 𝜀𝑖̅𝑗(𝐫) + 𝛿𝜀𝑖𝑗(𝐫) − 𝜀𝑖𝑗
0 (𝐫) . 𝜀𝑖̅𝑗(𝐫)  and 

𝛿𝜀𝑖𝑗(𝐫)
 
are the homogeneous strain and heterogeneous strain, respectively. 𝜀𝑖𝑗

0 (𝐫) is 

eigenstrain. The 𝐶𝑖𝑗𝑘𝑙 is elastic modulus, 𝐶𝑖𝑗𝑘𝑙 = 𝐶̅𝑖𝑗𝑘𝑙 + 𝐶𝑖𝑗𝑘𝑙𝑐(𝐫). The 𝐶𝑖𝑗𝑘𝑙 is 

the difference in elastic modulus between the precipitated phase and matrix, 𝐶̅𝑖𝑗𝑘𝑙 is 

the average elastic modulus, 𝐶𝑖𝑗𝑘𝑙
γ′

 and 𝐶𝑖𝑗𝑘𝑙
γ

 are the elastic modulus of the 

precipitated phase and the matrix phase, respectively. 

𝜀𝑖𝑗
0 (𝐫) = 𝛿 ∑ ℎ(𝜂𝑝)

3

𝑝=1

𝛿𝑖𝑗 (11) 

where 𝛿𝑖𝑗  is the Kronecker-delta function, 𝛿  is the lattice mismatch between γ/γ′ 

phases[11]. 

The dimensionless parameters are given as, 𝑡∗ = 𝐿∆𝑓𝑡, 𝑟∗ =
𝑟

𝑙
, 𝑘𝑖

∗ =
𝑘𝑖

∆𝑓𝑙2, 𝑘𝜂
∗ =

𝑘𝜂

∆𝑓𝑙2, 

∇∗=
𝜕

𝜕(𝑟/𝑙)
 , 𝑀𝑖

∗ =
𝑉𝑚𝑀𝑖

𝐿𝑙2  , 𝑓ch
∗ =

𝑓ch

∆𝑓
 , 𝑓el

∗ =
𝑓el

∆𝑓
 . The semi-implicit Fourier spectral 
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algorithm is used to solve these equations in a cell with grids 256×256[12]. The phase-

field model parameters are listed in Supplementary Table 1. 

Among the variables in this study, the change of 𝑘𝜂 will affect the magnitude of the 

interface energy 𝑓int and the change of 𝛿 will affect the magnitude of the elastic strain 

energy 𝑓el. 
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Supplementary Table 1. Phase-field model parameters for different composition 

systems. 

System 
Ni-Al 

superalloy[13] 

Co-10Al-

10W(at.%)[2] 

Ni-10Al-8.5Cr-

2Ta (at.%)[1] 


𝑐
(r, 𝑡) 0.0006 0.0003 0.0001 


𝜂

(r, 𝑡) 0.0012 0.0003 0.0001 

𝐷0/m2 ∙ s−1 1.46 × 10−2 1.45 × 10−4 1.45 × 10−4 

𝑇/K 873 1173 1073 

∆𝑈/eV 2.8 2.8 2.8 

∆𝑓/J ∙ m−3 3.3 × 107 6 × 106 3 × 107 

𝑙/m 1.5 × 10−9 1.5 × 10−9 2 × 10−9 

∆𝑡∗/𝑠 3 × 10−2 2 × 10−2 1 × 10−2 

𝐶11
γ

/GPa 214 230 262 

𝐶12
γ

/GPa 150 170 158 

𝐶44
γ

/GPa 100 90 82.8 

𝐶11
γ′

/GPa 212 253 262 

𝐶12
γ′

/GPa 149 247 158 

𝐶44
γ′

/GPa 106 117 82.8 

Storage interval/Round 10000 10000 10000 

Total steps/Round 500000 1200000 1000000 

Total time/s 15000 24000 10000 
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Supplementary Figure 1. Comparison of microstructures with or without partition, (a) 

microstructure, (b) γ′ volume fraction, (c) average radius. 

 

Supplementary Table 2. Ni-Al superalloy dataset 

System Ni-Al superalloy 

Shape definition Mixed 

Deep learning training time 

steps 
[t5, t50] 

Variable 

Composition (𝑐Al) and interfacial energy 

coefficient(𝑘η) 

𝑐Al=0.154–0.159, interval: 0.001 

𝑘η=0.05––0.10, interval: 0.01 

Training set 𝑐Al=0.154–0.158, (4320, 5, 2, 128, 128) 

Testing set 𝑐Al=0.159, (864, 5, 2, 128, 128) 
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Supplementary Table 3. Co-10Al-10W(at.%) superalloy dataset 

System Co-10Al-10W(at.%) 

Shape definition Cubic 

Deep learning training time steps [t15, t119] 

Variable 
Lattice mismatch (𝛿) 

𝛿=0.002–0.006, interval: 0.001 

Training set 𝛿=0.002–0.005, (1568, 8, 5, 128, 128) 

Testing set 𝛿=0.006, (392, 8, 5, 128, 128) 

 

 

 

 

 

Supplementary Table 4. Ni-10Al-8.5Cr-2Ta (at.%) superalloy dataset 

System Ni-10Al-8.5Cr-2Ta (at.%) 

Shape definition Circular 

Deep learning training time steps [t15, t100] 

Variable 

Interfacial energy coefficient (𝑘η) and 

Lattice mismatch(𝛿) 

𝑘η=6.32–8.82, interval: 0.5 

𝛿=0.0029–0.0049, interval: 0.0005 

Training set 𝑘η=6.32–8.32, (8400, 5, 6, 128, 128) 

Testing set 𝑘η=8.82, (1200, 5, 6, 128, 128) 
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Comparison of deep learning models 

 

Supplementary Figure 2. The schematic diagrams of other deep learning model 

frameworks, (a) ConvLSTM, (b) PredRNN, (c) CNN. 

 

Supplementary Figure 3. Hyperparameter optimization for the PredRNN++ model, (a) 

loss functions, (b) learning rate, (c) number of filters, (d) number of cells. 
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Model performance evaluation of PredRNN++ model 

 

Supplementary Figure 4. Evolution of the average composition of Al (at.%) of the 

PredRNN++ model as a function of predicted steps. 
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Supplementary Figure 5. The MAE loss curves for different shapes. 
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Supplementary Figure 6. Predicted results of PredRNN++ model by using the cubic 

precipitates of  

PF input morphology of step t15–t22 with Co-10Al-10W (at.%) superalloy. 

 

Supplementary Figure 7. Predicted results of PredRNN++ model by using the circular 

precipitates  

of PF input morphology of step t16–t20 with Ni-10Al-8.5Cr-2Ta (at.%) superalloy. 
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Supplementary Figure 8. Composition of Al in the PredRNN++ model at the predicted 

step of 20, (a)Ni-15.9Al (at.%) of Figure 8, (b) Co-10Al-10W (at.%) of Supplementary 

Figure 5, (c) Ni-10Al-8.5Cr-2Ta (at.%) of Supplementary Figure 6. 
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