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1. The high-dimensional neural network1, 2 

The main idea of this neural network is to represent the total energy as the sum of the 

energies of all the atoms, 

𝐸 =  ∑ 𝐸𝑖

𝑖

(1) 

The 𝐸𝑖 represents the energy of atom 𝑖. The atomic energies are trained by atomic 

neural networks using the symmetry functions to describe each atom's structural and 

chemical environment information. In this work, we choose the following three 

symmetry functions to represent the local chemical environment of all the atoms 

(oxygen, cerium atoms) from Cartesian coordinates, and the mathematical expressions 

of the three symmetry functions are as follows: 

Radial symmetry function 



𝐺𝑖
𝑟𝑎𝑑𝑖𝑎𝑙 = ∑ 𝑒−𝜂(𝑟𝑖𝑗−𝑟𝑠)

2

𝑗≠𝑖

𝑓𝑐(𝑟𝑖𝑗) (2) 

Narrow angular symmetry function 

𝐺𝑖
𝑎𝑛𝑔.𝑛.

=  21−𝜁 ∑ (1 + 𝜆 cos 𝜃𝑖𝑗𝑘)𝜁 𝑒−𝜂((𝑟𝑖𝑗−𝑟𝑠)
2

+(𝑟𝑖𝑘−𝑟𝑠)2+(𝑟𝑗𝑘−𝑟𝑠)
2

)

𝑗,𝑘≠𝑖
𝑗<𝑘

𝑓𝑐(𝑟𝑖𝑗)𝑓𝑐(𝑟𝑖𝑘)𝑓𝑐(𝑟𝑗𝑘)(3)
 

Wide angular symmetry function 

𝐺𝑖
𝑎𝑛𝑔.𝑤.

=  21−𝜁 ∑ (1 + 𝜆 cos 𝜃𝑖𝑗𝑘)𝜁 𝑒−𝜂((𝑟𝑖𝑗−𝑟𝑠)
2

+(𝑟𝑖𝑘−𝑟𝑠)2)

𝑗,𝑘≠𝑖
𝑗<𝑘

𝑓𝑐(𝑟𝑖𝑗)𝑓𝑐(𝑟𝑖𝑘) (4)
 

And, 𝑓𝑐(𝑟𝑖𝑗) represents the cutoff function, which has the form 

𝑓𝑐(𝑟𝑖𝑗) = {
0.5 × [cos(

𝜋𝑟𝑖𝑗

𝑟𝑐
) + 1]                         for 𝑟𝑖𝑗≤𝑟𝑐 ,

 
0                                          for 𝑟𝑖𝑗>𝑟𝑐.

(5) 

𝑟𝑖𝑗  represents the distance between atom 𝑖  and atom 𝑗 . 𝑟𝑐  represents the cutoff 

radius. 

To evaluate the accuracy of the neural network potential (NNP), the root-mean-square 

error (RMSE) of energies calculated by DFT and predicted by NNP is defined as: 

𝑅𝑀𝑆𝐸 =  √
1

𝑀
∑(𝐸𝐷𝐹𝑇

𝑟𝑒𝑓
− 𝐸𝑁𝑁𝑃)

2
𝑀

𝑖=1

(6) 

𝑀 represents the total number of data sets. 

 

  



Supplementary Table 1. Parameters of symmetry functions performed using the n2p2 

code3 

Radial Angular 

𝜂 𝑟𝑠 𝑟𝑐 𝜂 𝜆 𝜁 𝑟𝑠 𝑟𝑐 

2 1.5 6 0.2222 -1 1 0 6 

2 2 6 0.2222 1 1 0 6 

2 2.5 6 0.2222 -1 6 0 6 

2 3 6 0.2222 1 6 0 6 

2 3.5 6 0.0408 -1 1 0 6 

2 4 6 0.0408 1 1 0 6 

2 4.5 6 0.0408 -1 6 0 6 

2 5 6 0.0408 1 6 0 6 

2 5.5 6 0.0165 -1 1 0 6 

   0.0165 1 1 0 6 

   0.0165 -1 6 0 6 

   0.0165 1 6 0 6 

 

2. The low-energy structures of cerium oxide nanoclusters 



Supplementary Figure 1. The most stable structures and their corresponding 

symmetries of stoichiometric cerium oxide clusters ranging from Ce₃O₆ to Ce₂₁O₄₂. 

Color code: red, O atom; white, Ce atom. 

Supplementary Table 2. Comparison of NNP-predicted energies and DFT-calculated 

energies for the lowest-energy structures 

Nanoclusters NNP-predicted 

energy (eV ) 

DFT-calculated 

energy (eV) 

Absolute energy 

errors (eV) 

Ce3O6 -64.094 -63.935 0.158 

Ce4O8 -87.013 -86.995 0.018 

Ce5O10 -110.283 -110.179 0.104 

Ce6O12 -133.252 -133.179 0.073 

Ce7O14 -156.483 -156.440 0.043 

Ce8O16 -179.879 -180.062 0.183 

Ce9O18 -203.045 -203.242 0.197 

Ce10O20 -226.315 -226.679 0.364 

Ce11O22 -249.062 -249.194 0.128 

Ce12O24 -272.963 -273.062 0.099 

Ce13O26 -296.164 -296.598 0.434 

Ce14O28 -320.855 -320.756 0.099 

Ce15O30 -343.747 -343.661 0.086 

Ce16O32 -366.086 -366.354 0.268 

Ce17O34 -388.722 -388.977 0.255 

Ce18O36 -412.740 -412.807 0.067 

Ce19O38 -436.624 -437.019 0.395 

Ce20O40 -461.206 -461.373 0.167 

Ce21O42 -484.147 -484.490 0.343 

 

 



The stability function was defined as follows:  

∆2𝐸(𝐶𝑒𝑛𝑂2𝑛) = 2𝐸𝑡𝑜𝑡
𝐶𝑒𝑛𝑂2𝑛 − 𝐸𝑡𝑜𝑡

𝐶𝑒(𝑛−1)𝑂2(𝑛−1) − 𝐸𝑡𝑜𝑡

𝐶𝑒(𝑛+1)𝑂2(𝑛+1)            (7)                          

Wherein the range of n is from 4 to 20, and 𝐸𝑡𝑜𝑡
𝐶𝑒𝑛𝑂2𝑛 denotes the total energy of the 

cluster CenO2n. 

 

3. The NNPMD simulations of the most stable nanoclusters 

Supplementary Figure 2. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce3O6 at different temperatures, including energies during the 

simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 K. 

Color map: white, Ce atoms; pink, O atoms. 

 

  



Supplementary Figure 3. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce4O8 at different temperatures, including energies during the 

simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 K. 

Color map: white, Ce atoms; pink, O atoms. 

Supplementary Figure 4. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce5O10 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 



Supplementary Figure 5. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce6O12 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms.  

 

Supplementary Figure 6. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce7O14 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 



 

Supplementary Figure 7. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce8O16 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 

Supplementary Figure 8. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce9O18 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 



Supplementary Figure 9. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce10O20 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 

Supplementary Figure 10. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce11O22 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 



 

Supplementary Figure 11. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce12O24 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 

Supplementary Figure 12. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce13O26 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 



 

Supplementary Figure 13. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce14O28 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 

 

Supplementary Figure 14. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce15O30 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 



 

Supplementary Figure 15. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce16O32 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 

Supplementary Figure 16. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce17O34 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 



 

Supplementary Figure 17. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce18O36 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 

 

Supplementary Figure 18. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce19O38 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 



 

Supplementary Figure 19. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce20O40 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 

 

Supplementary Figure 20. Molecular dynamics (MD) simulations of the most stable 

cerium oxide nanocluster Ce21O42 at different temperatures, including energies during 

the simulations and snapshots taken every 200 ps. A: 1 K; B: 300 K; C: 500 K; D: 700 

K. Color map: white, Ce atoms; pink, O atoms. 



4. The NNPMD analysis using unsupervised machine learning algorithms 

Supplementary Figure 21. Visualization of clustered nanocluster Ce3O6 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms. 

 

 

 

 

 

 

 

 

 

 



Supplementary Figure 22. Visualization of clustered nanocluster Ce4O8 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 

 



Supplementary Figure 23. Visualization of clustered nanocluster Ce5O10 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 

 

Supplementary Figure 24. Visualization of clustered nanocluster Ce6O12 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 



 

Supplementary Figure 25. Visualization of clustered nanocluster Ce7O14 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 



 

Supplementary Figure 26. Visualization of clustered nanocluster Ce8O16 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 



 

Supplementary Figure 27. Visualization of clustered nanocluster Ce9O18 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 



Supplementary Figure 28. Visualization of clustered nanocluster Ce10O20 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 

 

Supplementary Figure 29. Visualization of clustered nanocluster Ce11O22 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 



 

Supplementary Figure 30. Visualization of clustered nanocluster Ce12O24 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 



Supplementary Figure 31. Visualization of clustered nanocluster Ce13O26 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 

Supplementary Figure 32. Visualization of clustered nanocluster Ce14O28 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 



 

Supplementary Figure 33. Visualization of clustered nanocluster Ce15O30 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 



Supplementary Figure 34. Visualization of clustered nanocluster Ce16O32 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 

 

Supplementary Figure 35. Visualization of clustered nanocluster Ce17O34 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 



 

Supplementary Figure 36. Visualization of clustered nanocluster Ce18O36 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 



Supplementary Figure 37. Visualization of clustered nanocluster Ce19O38 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms. 

 

 

Supplementary Figure 38. Visualization of clustered nanocluster Ce20O40 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 



 

Supplementary Figure 39. Visualization of clustered nanocluster Ce21O42 at different 

temperatures via PCA dimensionality reduction, along with the representative structure 

of the largest cluster. A, B, C, and D correspond to 0 K, 300 K, 500 K, and 700 K, 

respectively. Color map: white, Ce atoms; pink, O atoms 

 

 

Supplementary Table 3. Average energy, RMSD, and number of each largest 

cluster after clustering 

 
1 K 300 K 

 
Avg Etot Avg  Ep Avg RMSD Num Avg Etot Avg Ep Avg RMSD Num 

Ce3O6 -64.18 -64.18 0.087 1001 -64.079 -64.129 1.71 553 

Ce4O8 -87.026 -87.026 0.033 1001 -86.899 -86.963 0.352 328 

Ce5O10 -110.42 -110.421 0.054 1001 -110.231 -110.326 0.252 509 

Ce6O12 -133.289 -133.289 0.036 1001 -133.1 -133.195 0.328 718 

Ce7O14 -156.521 -156.522 0.043 1001 -156.328 -156.436 0.47 397 

Ce8O16 -179.914 -179.915 0.088 1001 -179.711 -179.836 0.354 786 

Ce9O18 -203.065 -203.065 0.043 1001 -202.769 -202.925 0.557 391 



Ce10O20 -226.348 -226.349 0.028 1001 -226.095 -226.222 0.785 290 

Ce11O22 -249.096 -249.097 0.05 1001 -248.768 -248.933 0.445 553 

Ce12O24 -272.996 -272.997 0.08 1001 -272.528 -272.76 0.57 509 

Ce13O26 -296.215 -296.216 0.039 1001 -295.736 -295.98 0.453 579 

Ce14O28 -319.956 -319.957 0.05 1001 -319.522 -319.742 0.221 635 

Ce15O30 -343.78 -343.781 0.032 1001 -343.267 -343.524 0.708 652 

Ce16O32 -366.148 -366.149 0.047 1001 -365.519 -365.833 0.333 545 

Ce17O34 -388.843 -388.844 0.142 1001 -388.336 -388.589 0.359 607 

Ce18O36 -412.861 -412.862 0.078 1001 -412.129 -412.496 0.344 534 

Ce19O38 -436.686 -436.688 0.03 1001 -436.051 -436.369 0.231 449 

Ce20O40 -461.273 -461.275 0.088 1001 -460.63 -460.952 0.451 508 

Ce21O41 -484.217 -484.219 0.041 1001 -483.538 -483.878 0.319 721 

 

 

 
 500 K  700 K 

 
Avg Etot Avg Ep Avg RMSD Num Avg Etot Avg Ep Avg RMSD Num 

Ce3O6 -64.178 -64.179 0.138 37 -64.176 -64.178 0.229 76 

Ce4O8 -86.794 -86.911 0.694 532 -86.77 -86.899 2.128 188 

Ce5O10 -110.1 -110.259 0.664 552 -110.071 -110.245 0.832 381 

Ce6O12 -132.987 -133.138 0.615 481 -132.946 -133.116 1.19 244 

Ce7O14 -156.198 -156.37 0.821 251 -155.988 -156.264 1.791 306 

Ce8O16 -179.578 -179.769 0.48 602 -179.233 -179.597 1.577 385 

Ce9O18 -202.573 -202.825 0.721 451 -202.293 -202.681 0.669 576 

Ce10O20 -225.725 -226.037 1.195 707 -225.768 -226.058 2.357 270 

Ce11O22 -248.453 -248.775 0.634 474 -248.523 -248.815 1.156 32 

Ce12O24 -272.232 -272.613 0.459 566 -271.917 -272.467 2.193 507 

Ce13O26 -295.383 -295.801 0.475 532 -295.281 -295.855 0.568 544 

Ce14O28 -319.066 -319.514 0.459 569 -319.057 -319.548 0.333 664 

Ce15O30 -342.827 -343.305 0.569 671 -342.629 -343.206 0.569 551 



Ce16O32 -365.209 -365.681 0.437 660 -365.034 -365.592 0.922 540 

Ce17O34 -388.037 -388.439 1.147 565 -387.576 -388.257 2.229 282 

Ce18O36 -411.862 -412.359 0.853 427 -411.299 -412.081 0.87 763 

Ce19O38 -435.761 -436.274 0.402 770 -435.303 -436.042 3.288 291 

Ce20O40 -460.339 -460.822 0.452 539 -459.786 -460.643 0.581 587 

Ce21O41 -483.103 -483.66 0.45 779 -482.474 -483.36 0.534 819 
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